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Abstract 

Jacobson theorem (Ref. [Tj) shows that Einstein gravity may be understood as a thermodynamical 
equation of state; a microscopic realization of this result is however lacking. In this paper, we pro- 
pose that this may be achieved by assuming the spacetime geometry as a macroscopic system, whose 
thermodynamical behavior is described by a statistical ensemble, whose microscopic components are 
low-dimensional geometries. We show that this picture is consistent with string theory by proposing a 
particular model for the microscopic geometry, where the spacetime metric plays the role of an ordinary 
thermodynamical potential in a special ensemble. In this scenario, Einstein equation is indeed recovered 
as an equation of state, and the black hole thermodynamics is reproduced in a thermodynamic limit (large 
length scales). The model presented here is background-independent and, in particular, it provides an 
alternative formulation of string theory. 

1 Introduction. 

Strong facts such as the Unruh effect and black hole physics suggest the close relation between geometry 
and thermodynamics. Ted Jacobson realized that the Einstein equation may be recovered as an equation of 
state from the first law of thermodynamics, and the Beckenstein-Hawking formula for the entropy of horizons 
[Tj. An open problem of theories that should describe gravity at a fundamental level (such as string theory) 
is precisely to explain how the Jacobson result is recovered from a microscopic description. In this sense, 
Einstein gravity should be recovered from the statistics of fundamental systems in a proper thermodynamical 
limit. 

Many authors have explored the possibility of describing gravity as a macroscopic theory in many senses [SJ 
131 S] , and more recently, the ideas of holography and emergence of the spacetime have open new perspectives 
in this direction [SJ [7] . According to this paradigm, it is often claimed that gravity should not be quantized 
as the other field theories that describe the matter and its interactions, since it should not be considered a 
fundamental theory but an emergent one from microscopic exactly quantizable degrees of freedom ("atoms 
of spacetime" |3J|8J). However, so far, this claim has never been shown or convincingly justified from the 
basic principles of some concrete theory o model. 
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In the present work, we explore the possibility of considering the spacetime as a macroscopic body which 
may be studied according to the methods of statistical mechanics and thermodynamics. So, metric and all 
other tensors that characterize the geometry are thought of as thermodynamical variables. A first step to 
construct a concrete model with these properties was given in Ref. [3] , where we claimed that the spacetime 
geometry emerges from microscopic degrees of freedom, and a particular and simple way of realizing this 
hypothesis was also proposed: to assume that the spacetime is composed by a large number of low-dimensional 
geometries where the microscopic (fundamental) degrees of freedom live on, and are described by exactly 
solvable theories. So in agreement with the spirit of the Jacobson paradigm, the quantities (tensors) that 
describe the spacetime geometry shall be recovered as statistic averages on ensembles of such systems 0. 
Notice that the information paradox has an immediate resolution in this context since the quantum theory 
of the microscopical degrees of freedom is unitary, while the spacetime physics is described by mixed states 
initially and among its time evolution. 

On the other hand, there is a general agreement that string theory plays a central role in describing 
spacetime geometry, gravity, and also matter and interactions at the more fundamental level. A serious 
theoretical problem however is that the theory is defined perturbatively, and formulated in a background- 
dependent way. Our purpose in this paper is to propose a consistent framework where the point of view 
discussed above and the main features of string theory may be conciliated in a formulation where the role 
played by the background geometry is conceptual and quantitatively different. In particular, we are going 
to assume that the microscopic constituents of the geometry are two-dimensional Lorentzian manifolds, 
embedded into an ambient (spacetime) manifold M whose local geometry plays no role in the microscopic 
theory, and it just appear as averages over ensembles. In fact, the background metric will be treated as a 
thermodynamical variable, introduced as a standard Lagrange multiplier in the proper statistic ensemble, 
in the same way a chemical potential does it. The result is that this reproduces string theory, but also has 
novel implications on the very meaning of the theory: it opens up new perspectives for the description of 
the background physics and the interpretation of the string states itself. 

This work is organized as follows: in Section 2, we formulate the fundamental theory on microscopic 
geometries and discuss its relation with macroscopic geometry through statistics; in Section 3, we show how 
the model works in the simplest canonical ensemble where only no local aspects of the spacetime may be 
described, and the generalization to other ensembles is discussed. In section 4, we define the geometric 
ensemble, where the spacetime metric appears as a thermodynamical potential, and show that the Polyakov 
path integral of string theory is recovered. The Einstein equation is shown to be an equation of state in 
this ensemble and the black hole entropy is evaluated. Finally in Section 5, we show how to localize the 
constraints and generalize the construction to a non-uniform system, in order to recover the string theory as 
a non-linear sigma model. Concluding remarks are collected in Section 6. 

2 The microscopic theory and spacetime as statistical concept 

The general properties and ideas on the spacetime geometry as a complex system of simplest microscopic 
ones discussed above were collected in a hypothesis introduced some years ago [3]. Here we discuss a more 
specific realization of this proposal and suppose that the fundamental (microscopical) theory is given by a 

2 This proposal refers to the nature of classical (microscopical) degrees of freedom of the spacetime as the object to be 
quantized, but does not constitute a quantum gravity itself, so the macroscopic spacetime (M, g) should be recovered from 
this microscopical structure in the proper thermodynamical/macroscopical approximation rather than by taking a semiclassical 
limit. 
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collection of oriented two-dimensional connected differentiable manifolds W n , equipped with a Lorentzian 
local metric q a b, and embedding fields X/ n ) '■ W n — > M into a <i-dimensional differentiable manifold M. All 
the fundamental degrees of freedom are described by an exact unitary quantum field theory on W n . The 
most general set of microscopic fields may be expressed by £ = (X tJ -(a c ),q a b(o' c ),(f>(<J c )) on W = W n , 
whose dynamics is defined by the action: 



where a a ,a — 0,1 denotes the local coordinates of W n . This is invariant under arbitrary smooth coordinate 
changes of W (Diff(W)). We also demand conformal invariance to be a fundamental symmetry of this 
theory. The component 4>(o~ c ) denotes all the intrinsic fields on W n , which may describe internal gauge 
symmetries. 

The first term is a purely geometric theory, given by the Einstein-Hilbert action 



where the second term is the usual boundary term and k is the geodesic curvature of dW. There are other 
interesting possibilities for two-dimensional gravities which will be not analyzed in this paper: extra terms 
contributions (e.g. higher order terms and cosmological term), a Liouville theory, etcetera [j. 

This theory describes the intrinsic geometry of W completely, while the embedding target M, which 
we identify with the spacetime manifold, is assumed to be differentiable with no metric or any other a 
priori geometric structure than its topology, which for simplicity we assume to be M ~ S x R where £ is 
compact (this plays the role of a "box" for the system). In what follows we shortly refer to these microscopic 
components of the geometry as strings, and to W as string foam or microscopic geometry. Let us emphasize 
however that W is not a "quantum" foam but a microscopic picture of the classical spacetime. 

We require that the theory be background-independent, i.e. the quantities that characterize the local 
geometry of the spacetime shall emerge from the microscopic theory through a thermodynamical/macroscopic 
description. In fact, the fundamental object that characterizes all the macroscopical physics, the spacetime 
inclusive, is the statistic operator p on the Hilbert space H((;,w) of the quantized microscopic theory. Notice 
that the information paradox is automatically absent in this picture since the microscopic theory is a well 
defined unitary quantum field theory, and the spacetime geometry is described by mixed states encoded in p, 
that evolves according to the rules of the statistical mechanics. The thermodynamical entropy is canonically 
defined as s = —fee Tr(plnp) (we set ks — 1), which must be a maximum in the equilibrium states 
compatible with certain macroscopic constraints. So indeed, the spacetime physics shall be derived from a 
maximum thermodynamical entropy principle. 

Obviously, the embedding variables X may be changed by means of general coordinate changes of the 
manifold M, so Diff(M) (diffeomorphisms of M) must be a symmetry of the theory. Therefore, any 
diffcomorphism-invariant contribution of the field X to the action ([1]) requires contractions with a M-metric, 
which would violate the background independence. By virtue of this, the fundamental theory must be 
independent of the field X. This means that the theory is invariant under movements of the string foam in 
the spacetime manifold, and it does not describes the extrinsic geometry of W. 

Let us conclude this section by emphasizing that, according to this viewpoint, quantum gravity is nothing 
but the quantization of this two- dimensional theory. The problem of how to sum over distinct topologies in 

3 A large number of three-dimensional manifolds as the microscopic picture of the spacetime, was discussed as example in 




(1) 




(2) 
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quantum gravity is radically reassessed in this approach as summing on two-dimensional geometries, which 
may be organized in terms of simple discrete invariant, the genus. In what follows we are devoted to show 
how the relevant information of the geometry of the spacetime, and spacetime fields, may be extracted from 
proper statistic ensembles of such objects. 



3 Spacetime geometry from thermodynamical ensembles 

The maximum entropy principle supposes that the time scales used by the observers to measure times are 
very large compared with the thermalization time scales of the microscopical system, such that we observe 
the space time in a thermal equilibrium state. The same assumption may be done on the length scales to 
get an homogeneous system. A precise notion of what these scales mean shall can be given after appearing 
the spacetime metric in the model. 

Let us define the vector field U = U^g^Tr /i = 0,1,..., d — 1 in the tangent space TxM as U = g^u, 
which may be interpreted as the tangent vector to geodesies described by macroscopic static observers in 
each space point. For clearness, it is convenient to assume the space x time factorization: M ~ E x I, 
such that X 1 , i = 1, ...d — 1 € S, and X° e M. Then we have a spacetime foliation S(X°), and by fixing 
one of the string coordinates a° = X°(= t), we can perform a standard d+ 1 decomposition of the intrinsic 
variables (q a b(cr c ), </>(cr c )), and then define the canonical Hamiltonian H. 

The foam W intersects the spacial sheet £(i) in a set of N(t) smooth (open or closed) oriented curves 
7i<i<jv : [0, 7r] — > £ , r(t) = X(W) fl £(t) = ^' 7, , which properly resembles a classical system of strings. 



3.1 The Canonical Ensemble 

Let us suppose that we only have some information on the internal energy of the string foam, namely, the 
averaged energy (H) is a precise number: u. In this ensemble, it is implicitly assumed that the system of 
strings may exchange energy with the exterior through of the boundary dX(W) = dM n X(W) (via contact 
interactions), such that the mean value 

u(S) = (H) = TrpH (3) 

remains fix among macroscopic observations. In other words, this quantity shall not depend on the macro- 
scopic instruments, associated to the observer affine parameter X . This is a macroscopic observable, which 
may be identified as the total mass-energy enclosed in the box S, and the Helmholtz free energy is defined 

by 

F(E,0)=u-0- 1 s. (4) 

To follow the standard procedure, we must maximize the entropy functional with respect to p, keeping the 
constraint @ and the normalizing condition, 

Trp = 1 , (5) 
where the trace is taken over %(£,vk)- ^° one have the equation (we set the Boltzmann constant ks = 1) '■ 

S Tr(jp + PHp- phxp) =0, (6) 

then 

(- 7 + /3JJ + lnp + l) = 0, (7) 
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where 7,/3 are lagrange multipliers, that for an homogeneous/uniform system do not depend on the space 
point 0. The density operator then results 

p = e^-V e~ tm = Z- 1 e-< m . (8) 

The partition function is defined as 

Z = e^-^ =Tre-P H , (9) 
which by virtue of eq. ([7]) , may be expressed in terms of the free energy 

Z(H,P) = e~P F . (10) 

By using a well-known trick, this may be written as a path integral of the action on the analytical continuation 
to the foam of two-dimensional Euclidean worldsheets W: 



Z(S jJ 8) = y; / VqD<jy e-W'* , (11) 

where the sum is over all the Riemannian compact geometries with Euclidean metric q. The topology of 
W may be expressed as T x Sp (where Sp denotes the circle of radius /3/2tt). This expression is more 
convenient for the partition function because it sums over the classical microscopic geometries and captures 
the fundamental symmetries of the theory [5J I10| . T>qD<j) schematically denotes the appropriate measure on 
the space of orbits Fi n t/G, where Ti n t is the space of all the intrinsic fields (q, <j>) on W (the embedding field 
X was integrated out and absorbed in a normalizing factor) , and the gauge group G consists of worldsheet 
diffeomorphisms and Weyl transformations of W . and the internal gauge group associated to <fi. Notice 
furthermore that the string picture is non-perturbative in this framework, and the thermal partition function 
above is exact. 

The topologies of W are totally characterized by the genus g and the number of boundaries or holes h, so 
the sum above may be expanded in integers powers of the parameter e A . The geometry action is Sc[q] — X\, 
where x = 2 — 2g — h is the Euler number, then the canonical partition function (jlip can be expressed as 

Z(E,P) = e _Ax [ VqD(f> e - s »>[3.0. (12) 



S{q,<t>] 



g,h 



Let us stress that in the present approach, Z , must be strictly interpreted as a traditional partition function 
of statistical mechanics, rather than as the Wick-rotated Feynman path integral formulation of the quantum 
theory; although the definition (O) = Tr/^ p O involves both, quantum and statistical average. On the other 
hand however, the quantization of theory (fTJ may be defined in the Feynman's picture, and then the transition 
amplitudes and n-point correlation functions may be computed by properly inserting operator products in 
the above path integral. Notice furthermore that in principle this string model is non-perturbative, and the 
thermal partition function above is exact. 

We wish emphasize finally that the partition function is the most important object in the present construc- 
tion since it encodes all the thermodynamical (and quantum) information of the system, and in particular 
the spacetime physics must be extracted from this. This fact resembles the Euclidean quantum gravity 
viewpoint, whose expectation is that the sum over Euclidean paths should play a fundamental role in the 
description of the spacetime geometry |10| . 



This issue will be more carefully discussed in Sec. 5. 
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As an illustrative example, we may easily evaluate the thermodynamical entropy associated to the space 
geometry E in the canonical ensemble. In the simplest microscopic theory, where the contribution of local 
degrees of freedom is neglected (S m « 0), the internal energy and the entropy are: 



«(S)~=0, s[T,)=lnZ^ln [J2 e~ Xx ] ■ (13) 



If we only consider closed strings, h is given by the number of intersections of T with the boundary of the 
space <9£. So if this number is fix (as a boundary condition), we obtain a linear law, 



(14) 



relating the entropy and the number of boundaries of the string lattice. 



3.2 Generalized Ensembles 

The canonical ensemble may be generalized to other ones by fixing certain macroscopic quantities. Let us 
consider first a collection (labeled by the index /) of local operators of the theory 

C'(CK)), (15) 

which are gauge invariant pointwise functions of the microscopic fields ((a a ) = (X^(a c ), q a b(a c ), <t>(<J c )) (and 
its derivatives). Then we can define extensive quantities (observables) by integrating this on the string 
latticfS 

C'(£)= j VmC 1 (C(<7°)) da. (16) 

Notice is that in principle the label index / may run over objects that transform as tensors of M, so it may 
enclose indices fx, v. The averaged operators 

C I {T) = {C I {Y))=TrpC I {Y), (17) 

are accessible in macroscopic measurements. If one assumes that these macroscopic quantities are constant, 
then the free energy is defined as 

fi(£,/3,Aij) =u-/3- 1 s-J2 MjC/P] (18) 

where [ii are the potentials (lagrange multipliers, in statistical language), associated with the quantities 
macroscopically conserved (fTT|). By maximizing the functional of entropy with these constraints (fTT)) . the 
probability density operator and free energy become: 

p=Z- 1 exp-^-E'"' '), (19) 
n = -p- 1 \nZ , (20) 

5 In this expression T is used to denote the points of the string foam (a set of curves) whose embedding lies on E(t). 
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where the partition function expresses: 

Z = Tr exp-^^' ^ lCl ) . (21) 
This may be expressed in terms of sum over Ricmman surfaces as: 

Z(E,j3,tn) = V / VXVqDcf) e-t 3 ^-^' ^ lC;I ), (22) 

~ J F /G 

where the path integral involves the global quantity 

C 1 = f yfqC 1 da 2 . (23) 
iff 

where C 1 = C 7 (C) are the local operators (p~5|) defined on the Euclidean section of the analytical continuation 
of the variables: £ = (X(a c ), q a b{& c ), 4>{& c )) as usual. Therefore the macroscopic measures (fl7|) may be 
computed through insertions of these operators in the path integral as 

C"(E) = -^L = --Y [ VXVqVcP C 1 e -(s[f.*]-E. (24) 

w 

These are the equations of state that relate the quantities C 1 (£, (3, fij) to the potentials /i/. 



3.3 The Geometric Ensemble 

The choice of the ensemble is crucial to extract desiderated macroscopic information, which obviously depends 
on the choice of what macroscopic quantities are fixed. In order to recover information on the extrinsic 
geometry of the string-foam and the spacetime geometry itself, let us consider the local operator: 

= -!- q a %X v d a X^ , (25) 

defined in terms of the microscopic variables, where the embedding sector enters explicitly. Integrating this 
on the strings lattice, we obtain the extensive observable: 

6H£]= ^— I da q ah d b X v d a X». (26) 

Ana J r 

This object is the natural generalization to strings of the microscopic energy-momentum tensor of a perfect 
fluid (see next Section). The constant a is introduced to give correct unities of energy density. 

The crucial point of our construction is to define the geometric ensemble by assuming the following 
macroscopic quantity 

0""[£] = (e""[£]) = Tr p 0"" (27) 

to be conserved. So we are going to consider a particular ensemble where the averaged spacial distribution 
of the energy-momentum of the system of strings is fix. 

The case we consider first is an isotropic and uniform mean distribution: 9 w constant. As shown before, 
one shall to introduce a new set of Lagrange multipliers (potentials), corresponding to this constraint, namely: 
/i = g^ v . Then, by virtue of (|21[) the grand partition function writes 

Z(E, /?, g^) = Tr exp-^"- 9 ^ e "") . (28) 
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Invariance of this expression under spacetime diffeomorphisms, implies that must transform as a sym- 
metric rank-two tensor of M. Therefore, this may be properly identified with a metric on 

2(E,/3,<^) = E/ VXVqV*]) e -(%^]-^ 9> "), (29) 
w 

where 

0^ v = J— f J§ e^(a a ) da 2 = -J— f da 2 q ab d b X u d a X» . (30) 
47ra Jw 4TTCe 

Assuming now macroscopical uniformity of the system: g^ u w constant, we can plug this into the integral 
of the exponential (I29[) . and obtain the thermodynamical partition function 

Z(E, @, g^ v ) = W e< Sl5 '* ] - ^ ^ ^^^ x ^ x "). ( 3 1) 

w 

By taking the simplest microscopic theory where intrinsic fields £ m = 0, apart from those that describe 
the geometry are absent. This remarkably coincides with the Polyakov partition function of interaction-full 
string theory The background metric play the role of a thermodynamical potential, which by first 

principles, implies that it is a c-number and should not be quantized as believed in standard string theory. 

Although this approach is mathematically very simple, it is not obvious that a constraint on the mean 
extrinsic geometry of the string foam W, leads to introduce an ambient spacetime metric as a Lagrange 
multiplier. Let us notice that in the present framework, the only difference between the topological theory 
(Eq. ([1])), and the physical string one (Eq. (|3Tj) ). is encoded in the ensemble used 0- We speculate that 
many apparently different string theories might be related through a kind of Legendre transformation relating 
different ensembles. 

3.4 Thermodynamic equilibrium: Einstein equation of state 

Let us consider now that the potential g^ u may depend on the spacetime point; it shall be discussed in the 
next Section. 

In the thermodynamic limit, one must integrate out the microscopic degrees of freedom such as prescribes 
pip , so the thermodynamical partition function only depends on the thermodynamic variables: 

Z(E,/3, 9fw )= e-M (32) 

which to first order in the parameter a, is known to be[^|: 

M = lE H [g] + o(a) , i EH [g] — t~ ( dx d V5 Rig)- (33) 

6 Thermodynamical stability arguments, and positive-definiteness of CI require that Q^ v be has the same signature that g^v, 
which is positive definite, and so the thermodynamical spacetime metric is Riemannian. However, when one looks for the 
microscopic quantum field theory, q a f, is Lorentzian, and then <? M „ should be consistently continued to the Lorentzian section. 

7 While in the canonical ensemble we do not local observables, in the geometric one, there are (macroscopical) quantities 
localized in the spacetime manifold, involving the embedding fields (Eq. 11271 ). 

8 Here for simplicity, we shall assume critical dimension d = 26 and ignore other spacetime fields. 
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By virtue of (|^D|) , this quantity is related to the thermodynamical free energy for this ensemble 



fi(E, j 9, = J/0 = ~ f ^ jf ^ dz d ^ R(g)j + o(a) . (34) 

The normalizing constant 1/167T may be changed by a redefinition of the inverse temperature parameter fj. 
Notice that, in this approach, the role played by /3 is similar in some aspects to the dilaton in conventional 
string theory, which suggests an interesting interpretation for this background field; it shall be explored 
elsewhere. 

On the other hand, consistently with this argument, the analytical continuation to Lorentzian time of 
the partition function (|31j) (and the correlation functions) defines the path integral quantization of the 
microscopic theory, which of course coincides with conventional string theory. Then, the known analysis of 
the beta-functions even requires that the Einstein equations be satisfied to leading order in a. 

In the thermodynamical language highlighted in this approach, (|34p is nothing but the fundamental 
relation in the geometric ensemble; therefore, the equations of state are given by equating the quantities ()30p 
to the variation of with respect to the thermodynamical potentials. To leading order in a and constant 
/3, we obtain: 

0^ = R^[g}-^R[g]g^ . (35) 

This is the Einstein equation, recovered here as an equation of state in agreement with the Jacobson's 
paradigm. 

In absence of other background fields (interpreted here as thermodynamic variables) , 9^ u is only a function 
of /3, and g M „; in the maximally uniform case, this just can be 9^ ~ A(/3, det(g)) , where A is a global 
quantity, which may be suggestively expressed in terms of the microscopical variables as: 



1 



Aira 



A ~ ( -y— Iddr 2 9fiU qi q ab d b X»d a X»). (36) 



IT 



For simplicity and consistency, in what follows, we constrain this quantity to be zero, and fix a vanishing 
macroscopical constraint (|27|) in general. Then, the equation of state becomes: 
Then the equation of state becomes: 

R" v [g]=0, (37) 

A solution to this equation is uniquely determined by Dirchlett boundary conditions, as happens for an 
intensive potential in standard thermodynamics (e.g. the temperature distribution in a material medium). 
For metrics which satisfy fl37[) the geometric free energy f2 is an extremum under arbitrary variations of g^, 
whose value must be fix on the boundary; so for consistency, this must be supplemented with a boundary 
term: 



n(Z,f3,g^) = ±-(-L [ d^x -y/g R(g) + -I / 



Vh(K + C)J +o(a). (38) 

O(SxSi) / 

where K is the trace of the second fundamental form of the boundary in the metric g and C depends only 
on the induced metric h on 9(E x Si). This term may be absorbed in a proper redefinition of the zero free 
energy, so we can substitute K + C by AK, the difference in the trace of the second fundamental form of 
the boundary in the metric g and another flat g°. 

We can put the solution in terms of the boundary conditions and plug this back into the expression 
By using the equation of state (|37[) , we eliminate the potential g and so the free energy reduces to the 
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Helmholtz's potential: 

F(E, J 8) = ^- / VhAK = A^- f Vh. (39) 

This expression is very useful to evaluate the entropy and other thermodynamical quantities in the present 
framework. In fact using the formulas above, standard thermodynamical relations and an explicit solution 
to the equation of state ()37[) . the computation procedure is rather similar to that developed in the context 
of Euclidean quantum gravity (Ref. [HIE!]); although here it is based on very different arguments 0. 

Let us briefly illustrate this in the example of a Schwarzschild solution describing a black hole. Start 
with a spacetime manifold M = M4 x K^-i where K^-i is compact (let us ignore it here for simplicity), and 
as assumed above M4 ~ E 3 x S^. Let us assume also spherically symmetric boundary conditions such that 
the potential g is constant on the boundary of E3 whose topology is assumed to be ~ S 2 . Then the solution 
of (|3"T|) is the Euclidean section of the analytically continued Schwarzschild solution, 

ds 2 = (1 - 2M/r)dr 2 + (1 - 2M/r)- 1 dr 2 + r 2 dfl 2 (+ ds 2 K ) , r > 2M (40) 

where r is the coordinate of Si. The coordinate singularity in r = 2M may be removed by defining a new 
radial coordinate x = AM {I - 2M/r) 1 / 2 . 

In order to have a free energy O finite, the parameter M must be equaled to /3/8-7T. Therefore the the 
formula (|39|) (neglecting o(a) corrections) may be straightforwardly evaluated [9]: 

F = A( =M /2)+ O (r - 1 ), (41) 
where ro is the radial coordinate of the boundary sphere. From the standard thermodynamical expression: 

dp ~ Sir ' [4Z) 
and using that F — u — s/j3, we obtain the entropy: 

B 2 

The area of the horizon surface r = 2M is A = 16irM 2 by virtue of (j4H| . Then we recover the Beckenstein- 
Hawking formula s = A/A. 

Notice that in conventional string theory, known black hole entropy calculations address to compute 
this in the microcanonical ensemble by counting the number of microscopic D-brane configurations (defined 
on flat background) |12) . In this model we emphasize that this is not necessary, and in contrast, a very 
different canonical ensemble (geometric) should be used to compute these quantities, because of the very 
thermodynamical meaning of the background geometry. 

Let us summarize some remarks about the results we have achieved so far: 

• Einstein equation was recovered as equilibrium condition in the limit a — > 0, that is, as equation of 
state. This agrees with the perspective highlighted by Jacobson pQ . 



9 In particular, the metric is treated now as a thermodynamical potential and the derivation involves a macroscopic limit 
rather than a semiclassical/saddle point approximation. 
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• Corrections in the parameter a must be interpreted in this picture as describing local deviations 
from the thermodynamic equilibrium/uniformity of the strings fluid. In fact, a non-negligible a-scale 
mean that the microscopic details of the geometry (strings) manifests. So we can claim that this 
parameter controls the macroscopic limit: macroscopic length scales correspond to very small string 
length compared with the measurements of space-time intervals. 

• Gauss-Bonnet terms [13J appear in higher order a-corrections of (|3"5)) . Since it describes deviations 
from the local thermodynamic equilibrium, we can expect that an hydrodynamic description of the 
spacetime corresponds to higher order corrections of Einstein gravity. This is in complete agreement 
with generalizations of the Jacobson result |14| 

• Black holes entropy may be recovered in this approach. Even though the derivation resembles the 
Euclidean quantum gravity procedure, it must be clarified that in this approach the thermodynamical 
state is naturally described by an euclidean solution of the Einstein equations, and we do not need 
to assume a saddle-point/semiclassical approximation (in place of that, a macroscopic limit), nor any 
artificial interpretation of the imaginary time. 

4 Local constraints and the string cr-model 

In the previous section we have assumed that the string scales are small compared with the scale of lengths 
used by the observer. 

In order to generalize the above model to general curved background and recover the full string theory 
sigma model, we have to slightly modify the macroscopic constraint and take into account the dependence 
with the spacetime point. This scales are assumed to be sufficiently short to see local variations of the 
spacetime (macroscopic) observables but large enough to be described as a thermodynamical system. 

As an analog example, consider a relativistic perfect fluid whose microscopical components are structure- 
less point like particles that interact only in spatially localized collisions in a compact region of the space 
VcE. For any point x 1 € V, the energy-momentum tensor reads 

N 

T^{x*) = E f K 3 d - 1 (x* ~ K) (44) 

71=1 

where m is a constant mass parameter and X° = t. In this case the microscopical variables are the positions 
of the individual particles X n (t). The particle number density is 

N 

n(x l ) = Y. S d -Hj-K) (45) 

n=l 

Taking the limit N — > oo in a fix volume V = Vol(V), this becomes a continuum with an uniform distribution 
of particles. This will be the case if the mean distance between particles (or the mean free path between 
collisions) is small compared with the scale of lengths used by the observer. So the sum above becomes 

n(x l ) ~ f dX l 5 d - 1 {x i - X 1 ) . (46) 
Jv 
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By taking the same limit in the expression (|44[) . we recover the energy-momentum tensor field of a (contin- 
uum) relativistic fluid, which reads: 

T^(x l ) = f dX* r ^d t X' l dtX v 5 d ~ l {x i -X i ). (47) 

Inspired in equation (|44[) . let us define the string operator: 

Q^(x a ) = -1- / v^IT da q ab d b X v d a X» ^ ~X a (a a j) , (48) 

for each spacetime point x a . In the string system we do not have an obvious notion of N, but in the 
continuum/uniform limit may be thought as the string lattice T (almost) filling the whole compact space 
S (schematically, r — > S), then the point x a lies on V and then this operator coincides with (f26| defined 
before. 

The generalization of the constraint (|27[) is 

= Tr p 0^{x a ) = constant(= 0) (49) 

Following the same procedure of Section 3.2, we must introduce Lagrange multipliers (potentials) corre- 
sponding to this constraint, that depend on the spacetime point: g^ u (x a ). Then, by virtue of (|18|) we 
have: 

il(^/3,g tlv (x))=u-p- 1 s- [ dx 9fw (x)Q^(x) ; (50) 
and the grand partition function expresses: 

Z(E, (3, g^{x)) = Tr exp"^" & dx 9 ^ x) Q "" (x) ) . (51) 
So now, by generalizing the uniform tensor (|30[) to 

e^(x a )= f Jq\ Q» v (a a ) da 2 = J- / dfx 2 # q Qb a 6 X^ a X^ <5(a; Q - X q (ct q )) , (52) 

the grand partition function may be written as a sum over two-dimensional geometries in terms of an 
Euclidean action, which looks like a non-linear sigma model: 

Z(Z,/3, 9flu ) = Y,j VqVcfiVX e-( s ^~ ^ Jw<i° 2 ^(x a (« a )) ^ flhxw) (53) 
w 

Once again, by taking the intrinsic action S = XSg, this is the string theory Polyakov partition function on 
general spacetime metrics, described here as point-dependent thermodynamical potentials. 

So in general, in order to describe non-uniform thermodynamical constraints in our model, we must to 
generalize Eqs. (|16[) by considering operators 

C I {x) = J J~qdo 2 C J (C(<r")) S(x a ~X a (a a )), (54) 

whose expectation value is a conserved quantity. Then, the most general grand canonical partition function 
writes: 

Z(Z,P,lu(x)) = J VqV^VX e -(%*l-/w^ 2 v1w(rK))c'((^))) i (55) 
w 
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where C 1 is the local operator (| 1 5|) defined on the Euclidean section of the analytical continuation W as 
before. The simplest meaningful operator of this type one can define is: 



which simply integrates the intrinsic volumes of the strings distribution, it is similar to (|45[) and may be 
interpreted as a string density. In a closed system this should be a fix (very large) number, while in a more 
natural open system described by a grand canonical ensemble, this would contribute to the path integral 
(|53p with a term in the exponential: 



where spacetime field fi is the chemical potential. 

5 Concluding remarks 

We have introduced a microscopic model for the spacetime, which is viewed as a macroscopic system governed 
by the statistical mechanics and thermodynamics laws. The picture is a large number of two-dimensional 
base manifolds: an evolving string lattice. We have shown that the metric and other spacetime fields shall 
not be quantized, but treated as ordinary thermodynamical quantities (temperature, pressure, chemical 
potential, an so on). The geometric ensemble was introduced and the Einstein equation was recovered as an 
equation of state, in a remarkable agreement with the Jacobson paradigm. 

The model matches string theory, but implies some changes in its formulation and in the way that it should 
be understood; in particular: i) the microscopic (string) theory is fundamental and non-perturbative; ii) its 
formulation is background-independent in the usual sense; iii) the constant a 1 / 2 (> lp) is associated to the 
microscopical (although non-Planckian) length scales and controls the macroscopic (long wavelength) limit; 
corrections in a should be related to transport phenomena and hydrodynamic description; iv) the relation 
between different string theories, and dualities, should be reassessed under the perspective of statistical 
ensembles; and v) it constitutes a strong input on the description of the spacetime physics. 

This last issue is particularly meaningful since the quantum gravity problem reduces to exactly quantiz- 
ing a two-dimensional theory, which may be completely solved in a context consistent with string theory. 
According to this perspective, many topological properties of the spacetime shall be restricted, and fur- 
thermore, changes of topology, compactifications, and even gravitational collapse, should be described as 
thermodynamical processes. These subjects shall be studied in forthcoming works. 
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